Soft dielectric tubes undergo large deformations when subjected to radial voltage. Using the theory of nonlinear electroelasticity, we investigate how voltage-controlled deformations of these tubes in an array alter acoustic wave propagation through it. We show that the propagation is annihilated across a certain audible frequency range, referred to as a sonic band gap. We carry out a numerical study, to find that the band gap depends nonlinearly on the voltage, owing to geometrical and material nonlinearities. By analyzing different mechanical constraints, we demonstrate that snap-through instabilities resulting from these nonlinearities can be harnessed to achieve sharp transitions in the gap width. Our conclusions hint at a new strategy to adaptively filter sound using a simple control parameter-an applied voltage.
Introduction
A periodic repetition of solids in air obstructs the propagation of sound across certain frequencies-acoustic waves undergo multiple scattering when encountering the solid phases, and subsequent Bragg interference prohibits the propagation of particular wavelengths (Gorishnyy et al 2005) . These composites are referred to as phononic crystals, and such ranges of obstructed frequencies are referred to as Bragg band gaps (Kushwaha et al 1993 , Sigalas and Economou 1996a , Hussein et al 2014 . It follows that phononic crystals can be exploited to reduce noise and create acoustic isolators (Sánchez-Pérez et al 1998, Vasseur et al 2002 , Babaee et al 2016 , or conversely guide sound (Picó et al 2013) .
Phononic crystals comprising linear elastic solids, having a fixed band structure upon fabrication, were initially investigated (Sigalas and Economou 1992 , Kushwaha et al 1998 , Vasseur et al 2002 . The development of smart materials, able to sustain large strains and change their properties under external stimuli, paved a new way to achieve tunable gaps (Goffaux and Vigneron 2001, Barnwell et al 2017) . The merit of composites made of such constituents is clear-they can accommodate varying applicational demands. Among the types explored are mechanically tuned elastomers Bertoldi 2012, Babaee et al 2016) , magnetostrictive materials (Robillard et al 2009) , and soft dielectrics (Yang and Chen 2008) .
Soft dielectrics undergo finite deformations and their electromechanical response changes in the presence of electric field (Pelrine et al 2000 , Liu et al 2009 , Brochu and Pei 2010 , Schlaak et al 2016 . Owing to these characteristics, together with their fast response, light weight and low cost, dielectric elastomers were suggested as the building blocks in structures for wave manipulation (Gei et al 2011 , Getz et al 2016 , Jia et al 2016 , Shmuel and Pernas-Salomón 2016 , Wu et al 2016 , Yu et al 2016 . In this work, we demonstrate the tunability of acoustic gaps across audible frequencies, using an array of deformable dielectric tubes. To this end, we exploit voltage-induced changes in the volume enclosed by the outer boundary of the tubes, as this filling fraction dominates the gap width (Kushwaha 1997 , Sánchez-Pérez et al 1998 . We find that the gap depends nonlinearly on the voltage, owing to geometrical and material nonlinearities. We also find that by harnessing snap-through instabilities resulting from these nonlinearities, sharp transitions in the gap width are accessible. While instabilities were conventionally considered as failure states, a series of recent works has shown that they can be exploited for different functionalities in discrete (Frazier and Kochmann 2017) , soft (Shim et al 2013 , Overvelde and Kloek 2015 , Raney et al 2016 , and dielectric systems (Keplinger et al 2012 , Li et al 2013 . Our findings above were rendered evident since we used a proper nonlinear electroelastic theory (Dorfmann and Ogden 2005 , Suo et al 2008 , Castañeda and Siboni 2012 , Lopez-Pamies 2014 . This framework accounts for the nonlinear coupling between electrostatics and large deformation elasticity, and nonlinearities in the constitutive behavior of elastomers. The aforementioned results were veiled from Yang and Chen (2008) , who conceived a similar system, due to their use of inadequate small-strain linear elasticity theory.
The paper is sectioned as follows. A concise summary on nonlinear electroelasticity is given section 2. Based on this theory, section 3 details first the response of a deformable dielectric tube to a radial voltage difference; subsequently, we provide the equations governing acoustic waves in an array of these actuated tubes. By way of a numerical study, we explore in section 4 how the mechanical constraints and the applied voltage tune acoustic band gaps. Concluding remarks complete the paper in section 5.
Finite electroelasticity
The motion of a particle in a deformable body is described by the vector field c, mapping it from its initial position X in reference configuration W 0 to its current configuration Ω at time t, according to The electrical field and the electric displacement field in a dielectric body, denoted respectively by e and d, are governed by Maxwell equations. In the quasi-electrostatic approximation for dielectrics, these read
The second of equation (1) implies that e can be derived from a scalar field j, such that j = -( ) e x. In absence of mechanical body forces, the equations of motion read
where ρ is the mass density of the material in the current configuration, and s is the total stress tensor, which accounts for both mechanical and electrical forces. The balance of the angular momentum enforces the symmetry of the total stress. Across the outer boundary of the body, the following jump conditions hold
Here, n is the outward unit normal vector of an element in the deformed configuration, t m is a prescribed mechanical traction, w e is the surface charge density, d is the outer electric displacement field, and s is the Maxwell stress outside the body. In terms of the outer electric field e , Maxwell stress reads
( ) e e e e I 1 2 , 4 0 where I is the identity tensor and 0 is the vacuum permittivity. When large deformations take place, it is convenient to employ a Lagrangian formulation using appropriate pull-back operations. The resultant governing quantities are
T T 1 referred to as the total first Piola-Kirchhoff stress, the Lagrangian electrical field and electric displacement fields, respectively. In terms of these quantities, the counterparts of equations (1) and (2) are
where r r = J 0 is the mass density in the reference configuration. The jump conditions across the referential boundary are
, and N is the outward unit normal vector of an element in the reference configuration.
Following Dorfmann and Ogden (2005) , P and E in an incompressible material are derived from an augmented energy density function Y(
the Lagrange multiplier p 0 accounts for the incompressibility constraint, and can be determined only in conjunction with the boundary conditions.
Acoustic waves in an array of soft dielectric tubes
In this section, we first detail the finite deformation that a single tube undergoes when subjected to a radial electric field under different mechanical constraints. The equations governing the propagation of sound through an infinite array of these tubes are provided next, together with a standard numerical method to solve them.
3.1. A soft dielectric tube in a radial electric field
The response of a soft dielectric tube subjected to a radial electric field has been reported in several instances (Singh 1966 , Zhu et al 2010 , Zhou et al 2014a , Shmuel 2015 ; herein, we apply the derivation in Shmuel and deBotton (2013) to a tube made of an elastomer exhibiting strain-stiffening at large deformations.
Accordingly, we consider an infinitely long tube made of an incompressible dielectric elastomer. The tube initial inner and outer radii are R i and R o , respectively, such that the reference thickness is figure 1(a) ). The tube occupies the region W ( ) 0 e , and the remaining part of the domain, W ( ) 0 a , is filled with air. Here and after, superscripts (e) and (a) denote quantities related to the elastomeric tube and to the air, respectively. The tube is subjected to a radial electric field by an application of a voltage DV between compliant electrodes coating its internal and external surfaces ( figure 1(b) ). The resultant deformation is described by the mapping
where
and q ( ) r z , , are the referential and the current cylindrical coordinates, respectively. The constants A and B depend on the boundary conditions. With respect to the above coordinate systems, the deformation gradient admits the following diagonal matrix representation
In terms of q i -the charge per unit length accumulating on the interior electrode-the electric displacement field in the current configuration is
To relate the deformation and the electrical variables, the constitutive behavior of the tube is to be specified. To this end, we make use of the widely accepted Gent energy function (Gent 1996, Zhou et 
The constants ò and μ in the model conform respectively to the permittivity and the shear modulus of the material in the limit of small strains. The dimensionless parameter J m models the strain-stiffening exhibited in elastomers, due to the finite extensibility of their polymer chains; in the limit ¥ J m , the neo-Hookean energy is recovered. The total stress resulting from equation (13) reads The equilibrium equations along direction θ and z show that the Lagrange multiplier p 0 is independent of these coordinates. where = -
, and P is an integration constant. To complete the solution, boundary conditions are to be accounted. Firstly, we consider a cylindrical Gaussian surface outside the tube. Recalling that the problem exhibits an axial symmetry, it follows that there are no electric fields outside the tube, and therefore s = 0. Since there are no mechanical tractions on the circumferential surfaces either, the radial boundary conditions are
Axially, we distinguish between the following two different conditions ( figure 1(c) ). (i) The tube is axially stretched and clamped at a fixed stretch ratio l z . In this case, the axial stretch l z is fixed, and thus the parameter A is a prescribed constant. Hence, the two radial conditions in equation (17) are sufficient to determine B. (ii) The tube is free to deform in the axial direction. Accordingly, A is unknown, and an additional boundary condition is required. As the top and bottom bases of the tube are free of mechanical loadings, the resultant axial force must vanish, and therefore
Allowing the tube to deform in the axial direction provides more than a variability of its length with the applied voltage-it enables a sharp snap-through transition between two deformation states of significantly different radii (Zhou et al 2014a , Cohen 2016 . In section 4 to follow, we expand our discussion on this phenomenon, in relevance to our study.
Since in practice the controlled parameter is the voltage, we provide the connection between the surface charge and the applied voltage. The constitutive relation considered for the tube states that the relation between e and d is
1 9 accordingly, through equation (19) we relate the electric field and the charge via
. The integration of the electric field along the radius provides Consider next an infinite array of tubes in a periodic square arrangement, such that the center-to-center distance of adjacent tubes is L ( figure 1(d) ). Each tube is deformed by the application of voltage, as described in section 3.1. We examine acoustic waves propagating through the periodicity plane of the deformed array. Note that each tube in the assembly is activated independently. This offers, in principle, the possibility to modulate and deform particular tubes differently, thereby creating a tunable waveguide which confines and guides acoustic waves. This approach will be explored in future works; our current investigation considers the case in which all the tubes are subjected to the same voltage DV . Strictly, the interaction of the acoustic waves with the solid should depend on the instantaneous moduli of the deformed tubes, and may result in sound penetration into the solid. However, the huge contrast between the impedance of the air and the solid practically causes total reflection of incident waves, confining them to the air. This justifies a simplified approach which considers the solid as rigid cylinders, resulting with a scalar equation for the acoustic pressure (Sigalas and Economou 1996a , Kafesaki and Economou 1999 , Cervera et al 2002 , Vasseur et al 2002 , Maldovan and Thomas 2009 . In accordance with the total reflection at the interface, there are no electric perturbations since the waves are confined to the air, where there are no electric fields. Therefore, acoustic wave propagation through the array is described by the equation
is the acoustic pressure field, and
, 2 2 is the in-plane gradient operator, i j denotes the unit vector in the x j -direction. In a linear isotropic elastic medium, ( ) K x is the bulk modulus. Indeed, based on the simplified approach, numerical solutions to equation (21) agree with experimental measurements (Cervera et al 2002 , Pichard et al 2012 , Babaee et al 2016 , Jiang et al 2017 . We note that, rigorously, the deformed tube is a transversely isotropic material whose properties vary along the radius. In the rigid cylinder approximation, however, to represent the corresponding perfectly reflecting boundary conditions at the outer boundary (Goffaux and Vigneron 2001, Babaee et al 2016) , it is sufficient to consider a sufficiently large piecewise constant ( )
. We further note that while equation (21) is purely 1 This has been observed in a series of calculations we performed with different fields of ( ) K x . This is also in agreement with the calculations of Kafesaki and Economou (1999) , who demonstrated that when the impedance contrast is huge, the exact stiffness of the scatterers does not affect the band structure. mechanical, it is affected by the bias electric field, since that field determines the location of the air/solid interface. In other words, the voltage controls at which x the fields r ( ) x and ( ) K x correspond to the air. Equation (21) is solved by means of the plane wave expansion method. The simplicity of the method has led to its popularity in calculating band diagrams in quantum mechanics and optics, and also in solid mechanics (Kushwaha et al 1993 , Sigalas and Economou 1996b , Vasseur et al 2002 , Barnwell et al 2016 , 2017 , Getz et al 2016 . The method rests on the fact that plane waves constitute a basis for the solution of equation (21). Thus, the idea is to represent periodic fields in Fourier series to derive a computational eigenvalue problem. Accordingly, we first employ a Fourier representation of the functions r -( )
G is the set of Fourier coefficients, defined by
is the set of reciprocal lattice vectors, and a cell is the area of the unit cell in Ω.
Making use of the fact that z ( )
x is piecewise constant at Î W ( ) x a and Î W ( ) x e , we rewrite z ( ) G in the form 
G where the Bloch wave vector is
, and ω is the angular frequency. Equation (26) is established by the Bloch theorem (Kittel 2005) . In terms of equations (24) and ( 
Since equation (27) holds for any x, the sum in the curly brackets must vanish. We multiply this sum by
, and integrate the result over the unit-cell. Due to the orthogonality property of the Fourier series, the only non-vanishing terms are those satisfying the condition
We write equation (28) in the following matrix form
2 where Q and R are matrices whose components are
and p is a column vector containing the Fourier components
The band structure is constructed by solving numerically equation (29) for ω as a function of k, using a finite truncation of the number of plane waves. We note that to calculate gaps in the diagram, it is sufficient in certain cases to consider only values of k at the edges of the irreducible first Brillouin zone (Harrison et al 2007 , Craster et al 2012 . These intervals connect the points G = ( )
. In our computational examples, a number of 169 plane waves, corresponding to -n n 6 , 6 1 2
, was found sufficient for the convergence of the band structure.
Parametric study
Through numerical examples, we study how the mechanical constraints and the applied voltage affect the acoustic band gap in the audible frequency range 0-10 kHz. To this end, we consider exemplary tubes whose initial inner and outer radii are = R 10 mm In the modeling of the tubes as rigid scatterers, we set the constant ( ) K e to 10 kPa 7 2 . The dielectric strength of the elastomer-the maximum electric field that a dielectric can withstand without loosing its insulating property-is set to 100 MV m -1 . The density and the bulk modulus of the air are set to the characteristic values We examine first tubes with clamped top and bottom surfaces, whose center-to-center spacing is 30 mm, such that the distance between adjacent tube surfaces at the most deformed examined configuration is H 2. We evaluate the band diagram in terms of the ordinary frequency , respectively, as a function of the normalized voltage DV . Note that the maximal voltage applied at each stretch is the critical value which triggers electric breakdown; this value becomes lower when the tube is stretched, due to the corresponding reduction in thickness and subsequent increase in the electric field.
As observed in figure 2, when the tubes are clamped at their initial axial length, the central frequency of the band gap is 6.5 kHz; as the voltage is increased, the gap width increases from 2.09 to 5.26 kHz, and the central frequency is slightly lowered. The relative change between gap widths at high values of voltage is significantly more evident. For instance, the relative change in the gap width is 45% between D = V 0.6 and 0.7, while it is only 1.2% between D = V 0 and 0.1. We also evaluate the gap as predicted by a neoHookean model, and indicate its edges with dashed curves; the difference between the prediction of the two elasticity models is almost indistinguishable. The reason is that the corresponding strains are not significant enough to trigger the lock-up phenomenon, which differentiates the Gent model from the neo-Hookean model.
When the tubes are stretched and clamped at l = 1.5 z , the central frequency of the band gap is 6.7 kHz; as the voltage is increased, the gap width increases from 0.44 to 1.88 kHz, and the central frequency is slightly lowered. Again, the relative change in the gap width between high values of voltage is more drastic; the relative change in the gap width is 69% between D = V 0.43 and 0.53, where it is 5.3% between between D = V 0 and 0.1. These results are almost the same for the neo-Hookean model.
When the tubes are stretched and clamped at l = 2 z , there is no gap without the application of voltage, since the resultant cylinders are too small to create sufficient scattering and interference. With the application of a normalized voltage of D V 0.35, the cylinders reach a threshold radius at which a gap opens with a central frequency of 6.8 kHz; for the neoHookean model, this cut-off voltage is D V 0.25. Note that in this case the two elasticity models hence provide different predictions; the predicted breakdown voltage and the acoustic gap are also different. Particularly, the maximal width of the gap is 0.88 kHz according to the Gent model, and 1.32 kHz according to the neo-Hookean model. Comparison of the different cases in figure 3 shows that axially stretching the tubes shifts the central frequency of the gap towards a slightly higher frequency. More importantly, it is evident that an increase in the axial stretch of the tube narrows the gap, while an increase in the applied voltage widens it. Thus, the mechanical stretch and applied voltage offer, in principle, complementary mechanisms to control the width and the location of the acoustic gap. Recalling that the enclosed volume is reduced when the tubes are stretched, and is increased when voltage is applied, the exhibited trends agree with the relation between the gap and the volume fraction shown by Kushwaha (1997) .
We calculate the volume enclosed within the deformed external radius r o at each applied voltage from the three cases in figure 3 , to evaluate in figure 4 the gap width as function the corresponding volume fraction v. We observe that identical volume fractions at different loading conditions yield the same gap width. We further observe that a threshold volume fraction is required to open the gap. Beyond that threshold, the gap width increases monotonically with this volume fraction. These results are in agreement with the findings of Kushwaha (1997) and Sánchez-Pérez et al (1998) .
We examine next the arrangement in which the tubes are free to extend. Before we explore the dependency of the acoustic gap on the voltage, we momentarily dwell on the underlaying static deformation. Specifically, we present in figure 5 (a) the relation between the outer radius of the axially free tubes, and the applied voltage. The Gent model, denoted by the continuous curve, predicts that two solutions, indicated by points B and ¢ B , exist for D V 0.7. Since the deformation path along the convex curve between the states is unstable, the tubes may suddenly snap from state B to ¢ B , thereby undergoing a drastic change in their outer radius (Zhou et al 2014a) ; this path is indicated by a right arrow in figure 5(a) . The neo-Hookean model, denoted by the dashed curve, does not capture this transition. We explain next the reason for this sudden transition, and why the Gent model can predict it, whereas the neo-Hookean cannot. To this end, we first recall that the evolving stress consists of an elastic response which equilibrates a compressive stress due to the electric load. The stress state is accompanied by a reduction in thickness and enlargement of the radii. Beyond a threshold voltage, the electrostatic part of the stress can be accommodated only through a drastic rise in the mechanical stress. This is achieved when the tube stiffens through the stretching of the comprising polymer chains towards their limiting strain. Macroscopically, this process corresponds to a snap-through transition between two significantly different configurations of the tube. Since the Gent model was develop to capture the stiffening of the elastomer at high strains, it indeed predicts the snapping of tube. The neoHookean model is unable to model the rapid elastomeric stiffening, and therefore it predicts that there are no possible equilibria beyond a critical voltage. For a further discussion on this phenomenon and the difference between the models, the reader is referred to, e.g., Li et al (2011) and Cohen (2016) . A snap-through triggered by voltage has been experimentally observed and exploited before to achieve a transition between significantly different deformations (Keplinger et al 2012 , Li et al 2013 . In what follows, we demonstrate how this phenomenon can be potentially harnessed to open and tune the acoustic gap. We note that the dielectric strength of standard elastomers hinders the realization of such a transition, as it occurs beyond their typical point of electric breakdown (marked with a red cross in figure 5(a) ). However, we believe that ongoing works on the enhancement of the dielectric strength of elastomers through changes in their synthesization will render our theoretical predictions realizable (Madsen et al 2014 (Madsen et al , 2015 . We thus evaluate in figure 5(b) the acoustic gap of an array of axially free tubes, as function of the normalized voltage; we now consider a center-to-center spacing of 46.7 mm, to accommodate the snap-through transition. A gap with the central frequency 4.3 kHz opens at D = V 0.7 (state A in figure 5(a) ), and reaches a width of~0.23 kHz near the verge of snapping at D = V 0.713; this gap is indicated in figure 5(b) by the red region. When snapping is triggered and the tubes transition from state B to state ¢ B , the gap width drastically changes to 4.048 kHz. A subsequent decrease in voltage to D V 0.685 narrows the gap, as indicated by the blue region in figure 5(b) . A further incremental decrease in voltage triggers a contracting snap-through transition from state C to state ¢ C , as indicated by the left arrow in figure 5(a) , and the closure of the gap. In principle, these states and their corresponding gap width can be reached repeatedly by a cyclic application of voltage.
Conclusions
We have theoretically demonstrated a new approach to tune acoustic band gaps across audible frequencies, using an array of elastomeric tubes. Our approach utilizes configurations the tubes are brought about when radial voltage is applied, to manipulate sound propagation via the deformed array. The electrostatic deformation has been determined using an exact analytic solution based on nonlinear electroelasticity; the propagation of acoustic waves through the actuated tubes has been calculated using the plane wave expansion method.
Using a parametric study of the band diagram corresponding to the deformed array, we have studied how the mechanical boundary conditions and the applied voltage change the acoustic characteristics. We have used representative values of the physical properties of dielectric elastomers to model the tubes. Our first investigation considered an array whose comprising tubes are stretched and then axially clamped, such that their length is fixed. Our calculations have shown that axially stretching the tubes narrows the acoustic gap. Conversely, the gap is rendered wider by the application of voltage. Our second investigation considered an array whose comprising tubes are free to elongate in the axial direction. Here again, the width of the gap is enlarged with higher values of voltage. Interestingly, the gap changes abruptly at two particular values of voltage, in contrast with the continuous change of the gap when the tubes are clamped. These values of voltage trigger a snap-through transition between extremely different states of deformation, and hence induce a drastic change in the gap width. Thereby, we have demonstrated that snap-through instabilities resulting from geometrical and material nonlinearities can be harnessed to achieve sharp transitions in the acoustic gap. Our envisioned system thus offers a new way to tune sonic band gaps, using a simple adjustment of applied voltage. 
